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WEIERSTRASS POINTS AT IRREGULAR CUSPS
DAEYEOL JEON
Abstract. In this paper, we prove that all irregular cusps on X1(N) of genus ≥ 2 are Weier-
strass points except for X1(18). Also, for any positive integer N of the form p
2M with a prime
p and a positive integer M , we obtain some results for when the irregular cusps of X0(N)
equivalent to
(
1
p
)
are Weierstrass points or not.
1. Introduction
Let X be a nonsingular algebraic curve of genus g ≥ 2. For a given point P on X, we say
that a positive integer m is a gap if there is no function on X that has a pole of order m at P
and is regular elsewhere. The Weierstrass gap theorem says that there are exactly g gaps at P ,
and these gaps m satisfy 1 ≤ m ≤ 2g− 1. If there is an m ≤ g which is a non-gap (also called a
jump), then we call P a Weierstrass point of X. It is known that there are only finitely many
Weierstrass points on X. Thus except for finitely many Weierstrass points P , the gap sequence
of P is just 1, 2, . . . , g. In general, if the gap sequence of P is a1, a2, . . . , ag, then the weight of
P is defined by
wt(P ) =
g∑
i=1
(ai − i).
It is known that the total weight
∑
P∈X
wt(P ) = g3 − g. In what follows, when we say that P is
a Weierstrass point of X, then we always assume that X is of genus at least 2.
Let H be the complex upper half plane and Γ be a congruence subgroup of the full modular
group SL2(Z). We consider the modular curve X(Γ) obtained from compactification of the
quotient space Γ\H by adding finitely many points called cusps. For any integer N ≥ 1, we
have subgroups Γ(N),Γ1(N),Γ0(N) of SL2(Z) defined by matrices
(
a b
c d
)
congruent modulo N
to ( 1 00 1 ) , (
1 ∗
0 1 ) , (
∗ ∗
0 ∗ ), respectively. We let X(N),X1(N),X0(N) be the modular curves defined
over Q associated to Γ(N),Γ1(N),Γ0(N), respectively.
Let ∆ be a subgroup of (Z/NZ)∗, and let X∆(N) be the modular curve defined over Q
associated to the congruence subgroup Γ∆(N) :
Γ∆(N) =
{(
a b
c d
)
∈ Γ | c ≡ 0 mod N, (a mod N) ∈ ∆
}
.
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Since the negative of the unit matrix acts as identity on the complex upper halfplane we have
X∆(N) = X〈±1,∆〉(N); hence we always assume that −1 ∈ ∆.
If ∆ = {±1} (resp. ∆ = (Z/NZ)∗) then X∆(N) is equal to X1(N) (resp. X0(N)). The inclu-
sions Γ(N) ⊆ ±Γ1(N) ⊆ Γ∆(N) ⊆ Γ0(N) induce natural Galois coverings X(N) → X1(N) →
X∆(N)→ X0(N).
Denote the genera of X0(N), X1(N) and X∆(N) by g0(N), g1(N) and g∆(N), respectively.
According to Ogg [O1], the cusps on X(N) can be regarded as pairs ± ( xy ) where x, y ∈ Z/NZ
are relatively prime and ( xy ),
(
−x
−y
)
are identified, and a cusp on X∆(N) can be regarded as an
orbit of Γ∆(N)/Γ(N).
We call a cusp of the form ( xN ) an ∞-cusp, and a cusp of the form (
x
y ) with gcd(y,N) = 1
a 0-cusp. Also, for a cusp s = ( xy ) with d = gcd(y,N), if gcd(d,N/d) = 1, then s is called a
regular cusp, and it is called an irregular cusp otherwise. Thus if N is square-free, then all cusps
are regular cusps. For any two cusps s, t of X∆(N), if there is an automorphism σ on X∆(N)
so that t = σ(s), then s, t are said to be equivalent . Obviously equivalent cusps all behave the
same with respect to being Weierstrass or not.
The Weierstrass points of X(N) were studied by Petersson [P] and Schoeneberg [S], and
Schoeneberg proved that all cusps of X(N) are Weierstrass points for N ≥ 7.
By using Schoeneberg’s result, Lehner and Newman [LN] gave sufficient conditions for when
the ∞-cusp is a Weierstrass point of X0(4M) and X0(9M). We note that if the ∞-cusps are
Weierstrass points, so are the 0-cusps because the Fricke involution WN maps the ∞-cusps to
the 0-cusps. Later, Atkin extended their results to the case X0(p
2M), where p ≥ 5 is any prime.
On the other hand, Ogg [O3] proved that the ∞-cusp, indeed any Q-rational cusp, is not a
Weierstrass point on X0(pM) if a prime p ∤ M and g0(M) = 0. Especially, the ∞-cusp is not a
Weierstrass point on X0(p) for any prime p.
We can see that the tendency of a cusp to be a Weierstrass point is different in X(N), X1(N)
and X0(N). For example, when p is a prime, an ∞-cusp is always a Weierstrass point of X(p),
but never of X0(p), whereas on X1(p) the cusps sometimes are Weierstrass points and sometimes
not.
The study on the Weierstrass points ofX1(N) was less done than for the other modular curves.
Especially, it has not been studied when irregular cusps of modular curves are Weierstrass points
or not. The author, Im and Kim [IJK] used Atkin’s method [A] to investigate X∆(N), but mainly
under the condition ±(1 + pM) ∈ ∆ for some prime p; hence the result can not be applied to
X1(N). Recently Choi [C] proved that the irregular cusp ( 12 ) is a Weierstrass point on X1(4p)
for any prime p > 7. In this paper, we generalize Choi’s result to obtain the following:
Theorem 1.1. All irregular cusps on X1(N) are Weierstrass points except for N = 18.
We may compare this result with Schoeneberg’s result in [S] that all cusps of X(N) are
Weierstrass points for N ≥ 7.
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Also, for any positive integer N of the form p2M with a prime p and a positive integer M ,
we obtain some results for when the irregular cusps of X0(N) equivalent to
(
1
p
)
are Weierstrass
points or not.
2. Preliminaries
For our purpose, we need to know how to describe the cusps on X∆(N). In virtue of [O1]
we have the following description of cusps. The quotient group Γ∆(N)/Γ(N) operates naturally
on the left, and so a cusp of X∆(N) can be regarded as an orbit of Γ∆(N)/Γ(N). For each
d | N, a cusp of X1(N) is represented by a pair (
x
y ) with x reduced modulo d = gcd(y,N) and
(x, d) = 1. Also for each d | N, a cusp of X0(N) is represented by a pair (
x
d ) with x reduced
modulo e = gcd(d,N/d). From this argument, we have the result:
Lemma 2.1. [O1] For each d | N , let e = gcd(d,N/d).
(1) Suppose g1(N) > 0, i.e. N = 11 or N ≥ 13. Then for each d | N , we have
1
2ϕ(d)ϕ(N/d)
cusps ( xy ) of X1(N) with d = (y,N).
(2) For each d | N , we have ϕ(e) conjugate cusp ( xd ) of X0(N), each with ramification index
e in the Galois covering X1(N) → X0(N), and these are all the cusps of X0(N). In
particular, a cusp is defined over Q only if d = 1 or 2.
For d | N, let pid be the natural projection from (Z/NZ)
∗ to (Z/lcm(d,N/d)Z)∗. From the
Hurwitz formula, the following genus formula is obtained:
Theorem 2.2. [JK] The genus of the modular curve X∆(N) is given by
g∆(N) = 1 +
µ(N,∆)
12
−
ν2(N,∆)
4
−
ν3(N,∆)
3
−
ν∞(N,∆)
2
where
µ(N,∆) = N ·
∏
p|N
prime
(
1 +
1
p
)
·
ϕ(N)
|∆|
ν2(N,∆) =
∣∣{(b mod N) ∈ ∆ | b2 + 1 ≡ 0 mod N}∣∣ · ϕ(N)
|∆|
ν3(N,∆) =
∣∣{(b mod N) ∈ ∆ | b2 − b+ 1 ≡ 0 mod N}∣∣ · ϕ(N)
|∆|
ν∞(N,∆) =
∑
d|N
ϕ(d)ϕ(Nd )
|pid(∆)|
.
For an integer a prime to N, let [a] denote the automorphism of X∆(N) represented by
γ ∈ Γ0(N) such that γ ≡ (
a ∗
0 ∗ ) mod N. Sometimes we regard [a] as a matrix.
For each exact divisor Q‖N , i.e. (Q,N/Q) = 1, consider the matrices of the form
(
Qx y
Nz Qw
)
with x, y, z, w ∈ Z and determinant Q. Then these matrices define a unique involution of X0(N),
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which is called the Atkin-Lehner involution and denoted by WQ. In particular, if Q = N, then
WN is called the Fricke involution. We also denote by WQ a matrix of the above form. WQ also
normalizes Γ1(N), but the automorphism it induces on X1(N) is not necessarily an involution.
Also, WQ does not necessarily normalize Γ∆(N).
Kim and Koo [KK] proved that the normalizer N(Γ1(N)) of Γ1(N) in PSL2(R) is generated
by the matrices [a] and WQ except for N = 4. Any element of N(Γ1(N)) defines an auto-
morphism of X1(N), we can regarded the quotient group N(Γ1(N))/ ± Γ1(N) as a subgroup
of the automorphism group Aut(X1(N)) of X1(N). Indeed, when N ≥ 4, the automorphism
group Aut(Y1(N)) is isomorphic to N(Γ1(N))/±Γ1(N) where Y1(N) is the affine modular curve
corresponding to Γ1(N).
All regular cusps of X0(N) are on the same orbit under the automorphism group, actually
already under the action of the Atkin-Lehner involutions, and hence all are Weierstrass or none.
The same holds for the regular cusps of X1(N) under the action of automorphims [a] and WQ.
However, some WQ may not normalize Γ∆(N), so it can happen that not all regular cusps of
X∆(N) are on the same orbit under the automorphism group.
The following result is Schoeneberg’s Theorem [S] which plays a central role in this paper.
For the sake of completeness we present the very short proof.
Theorem 2.3. [S] Suppose that X is a non-singular algebraic curve of g ≥ 2. Let σ be an
automorphism of order m with a fixed point P , and g¯ denote the genus of the quotient curve
X/〈σ〉. If g −mg¯ ≥ m, then P is a Weierstrass point.
Proof. Let P¯ be the corresponding point of P on X/〈σ〉. On X/〈σ〉 there is a function with a
single pole of order at most g¯ + 1 at P¯ . This lifts to a function on X with a single pole at P
of order at most m(g¯ + 1). As soon as this number is smaller or equal g, P is a Weierstrass
point. 
From Theorem 2.3 and the Hurwitz formula we get the following result which is known as
Lewittes’ Theorem.
Corollary 2.4. [L] The assumptions and notations are the same as in Theorem 2.3. If σ has
more than 4 fixed points, then P is a Weierstrass point.
3. Weierstrass points of X1(N) at irregular cusps
From now on, we always assume that N is not square-free, d | N with gcd(d,N/d) > 1,
e = gcd(d,N/d),
and
∆d = {a ∈ (Z/NZ)
∗ | a ≡ ±1 (mod N/e)} .
Each [a] acts on ( xy ) with d = gcd(y,N) as
( ax
a−1y
)
; hence [a] ( xy ) = (
x
y ) on X1(N) if and only
if a ≡ ±1 (mod d) and a ≡ ±1 (mod N/d), i.e. a ∈ ∆d. Note that all irregular cusps are
represented by ( xy ) with d = gcd(y,N) for some d.
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Concerning the irregular cusps, we have the following result:
Lemma 3.1. The map X1(N) → X∆d(N) is of degree e and it is totally ramified at each
irregular cusp ( xy ) with d = gcd(y,N).
Proof. Since [Γ∆d(N) : ±Γ1(N)] = e, the map X1(N) → X∆d(N) is of degree e. Also for any
a ∈ ∆d, [a] fixes (
x
y ) with d = gcd(y,N); hence the result follows. 
We can view H = ∆d/{±1} as a subgroup of Aut(X1(N)). Since all elements σ ∈ H fix a
cusp, H should be cyclic. By Theorem 2.3, we have
Lemma 3.2. If g1(N) − eg∆d(N) ≥ e, then the cusps (
x
y ) with d = gcd(y,N) are Weierstrass
points on X1(N).
We need to find the relations of the functions involved with the genus formula in Theorem
2.2 when ∆ = ∆d and ∆ = {±1}. First, we easily see that µ(N, {±1}) − eµ(N,∆d) = 0. For
N > 3, there are no elliptic points on X1(N); hence ν2(N, {±1}) = ν3(N, {±1}) = 0 for N > 3.
Since X1(2) and X1(3) are of genera 0, we do not need to consider the two cases. Clearly we
have ν2(N,∆d) ≥ 0 and ν3(N,∆d) ≥ 0. Finally, we have the following inequality:
Lemma 3.3.
eν∞(N,∆d)− ν∞(N, {±1}) ≥ (e− 1)
ϕ(d)ϕ(N/d)
2
.
Proof. From the proof of Theorem 2.2 in [JK], we know that for each c | N , there are
ϕ(c)ϕ(N
c
)
2
cusps on X1(N) lying above
ϕ(c)ϕ(N
c
)
|pic(∆)|
cusps on X∆(N). Since the map X1(N) → X∆d(N) is of
degree e, the inequality
e
ϕ(c)ϕ(Nc )
|pic(∆d)|
≥
ϕ(c)ϕ(Nc )
2
always holds, and |pid(∆d)| = 2. Thus
eν∞(N,∆d)− ν∞(N, {±1}) = e
∑
c|N
ϕ(c)ϕ(Nc )
|pic(∆d)|
−
∑
c|N
ϕ(c)ϕ(Nc )
2
≥ (e− 1)
ϕ(d)ϕ(N/d)
2

By Lemma 3.3 together with Lemma 3.2 and Theorem 2.2, we have the following result:
Lemma 3.4. If the inequality
ϕ(d)ϕ(N/d) ≥ 8 +
4
e− 1
holds, then the cusps ( xy ) with d = gcd(y,N) are Weierstrass points on X1(N).
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For a cusp s = ( xy ) with d = gcd(y,N), WNs =
(
−y/d
xN/d
)
; hence WN maps s to a cusp
(
x′
y′
)
with gcd(y′, N) = N/d. If s is a Weierstrass point, then so is WNs. Thus it suffices to consider
d such that ϕ(d) ≤ ϕ(N/d); hence if ϕ(d)2 ≥ 8 + 4e−1 , then the cusps (
x
y ) with d = gcd(y,N)
are Weierstrass points on X1(N). Therefore Theorem 1.1 holds for d 6= 2, 3, 4, 6.
First, consider the case when d = 2. Under the condition g1(N) ≥ 2, applying Lemma
3.4, we have that all cusps ( xy ) with gcd(y,N) = 2 of X1(N) are Weierstrass points except
for N = 16, 20, 24, 28, 32, 36, 40, 44, 48, 60. By Lemma 3.2, we have the same conclusion for all
remaining numbers except for N = 16, 20.
The author [J] computed all Weierstrass points on the hyperelliptic curves X1(N), i.e. N =
13, 16, 18, and he found that all irregular cusps of X1(16) are Weierstrass points.
Yang [Y] computed generators for the function field of X1(N) by using the generalized
Dedekind eta functions defined as follows:
Er(τ) = q
NB(r/N)/2
∞∏
m=1
(1− q(m−1)N+r)(1 − qmN−r),
where r is an integer not congruent to 0 modulo N , B(x) = x2 − x + 1/6 and q = e2piiτ . By
using the method explained in [Y], one can find that the two functions
(3.1) f =
E2E
2
4E
2
6
E21E8E
2
9
and g =
E3E
2
4E5E6E7
E21E
2
8E9E10
have poles of order 3 and 4 at the cusp s = ( 110 ), respectively and are regular elsewhere. Thus the
gap sequence of s is 1, 2, 5, and hence s is a Weierstrass point of weight 2 on X1(20). There are
4 irregular cusps, namely s, ( 310 ), (
1
2 ) and (
1
6 ). Since W4s = (
3
10 ), W20s = (
1
2 ) and W5s = (
1
6 ),
all irregular cusps of X1(20) are Weierstrass points of weight 2.
Second, consider the case when d = 3. Under the condition g1(N) ≥ 2, applying Lemma
3.4, we see that all cusps ( xy ) with gcd(y,N) = 3 of X1(N) are Weierstrass points except for
N = 18, 36. Lemma 3.2 takes care of N = 36. However, according to the computation in [J,
Theorem 3.4], all Weierstrass points of X1(18) are non-cusps. Indeed, X1(18) is the only curve
whose irregular cusps are not Weierstrass points among the curves X1(N) of g1(N) ≥ 2.
Third, consider the case when d = 4. Under the condition g1(N) ≥ 2, applying Lemma
3.4, we have that all cusps ( xy ) with gcd(y,N) = 4 of X1(N) are Weierstrass points except
for N = 16, 32, 48. We treated X1(16) already above, and Lemma 3.2 confirms our claim for
N = 32, 48.
Finally, consider the case when d = 6. Under the condition g1(N) ≥ 2, applying Lemma
3.4, we have that all cusps ( xy ) with gcd(y,N) = 6 of X1(N) are Weierstrass points except for
N = 36, 72, for which we again use Lemma 3.2.
Summarizing all results as above, we obtain Theorem 1.1.
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4. Weierstrass points of X0(N) at irregular cusps
Throughout this section, we assume that p is a prime and N = p2M for some integer M . In
this section, we give some results on when the irregular cusps of X0(p
2M) equivalent to
(
1
p
)
are
Weierstrass points. First, we begin by a simple lemma.
Lemma 4.1. [A] Γ0(p
2M) is of index p in Γ0(pM), and a set of right representatives for
Γ0(p
2M) in Γ0(pM) is given by τ
′ = τ/(kpMτ + 1) for k = 0, 1, . . . , p− 1.
First we consider the case when p |M .
Lemma 4.2. Suppose p is a prime and p|M . Then the map X0(p
2M) → X0(pM) is of degree
p and it is totally ramified at each irregular cusp ( xp ) with x = 1, 2, . . . , p − 1.
Proof. The result follows from the fact that the number of cusps on X0(p
2M) corresponding to
the divisor p is the same as for X0(pM) by Lemma 2.1 when p|M . Indeed, it is easy to check
that all right representatives in Lemma 4.1 define the same cusp on X0(p
2M) for τ = ( xp ). 
By Lemma 4.2 and the exact same proof of Theorem 2.3, we have the following result:
Lemma 4.3. Suppose p is a prime and p|M . If g0(p
2M) − pg0(pM) ≥ p, then irregular cusps
( xp ) of X0(p
2M) with x = 1, 2, . . . , p− 1 are Weierstrass points.
Remark 4.4. We note that the map X0(p
2M)→ X0(pM) is not Galois for p ≥ 5 and with the
Hurwitz formula Lemma 4.3 is a special case of [Li, Lemma 1] (with the correction that P is a
total branching point).
The condition in Lemma 4.3 is a sufficient condition for both the 0-cusp and an irregular cusp
( xp ) to be Weierstrass points; hence we have the same results as [A, Theorem 1] for the case
when p|M except for N = 64.
By [B, Theorem 16], Sp =
(
1 1
p
0 1
)
is contained in N(Γ0(p
2M)) for p = 2, 3; hence it defines an
automorphism on X0(p
2M), and it maps the 0-cusp to
(
1
p
)
. Thus the 0-cusp is a Weierstrass
point if and only if so is
(
1
p
)
for p = 2, 3.
Since the 0-cusp is a Weierstrass point on X0(64), ( 12 ) is also a Weierstrass point. Also since
the 0-cusp is not a Weierstrass point on X0(81), ( 13 ) is also not. Thus under the assumptions
g0(p
2M) ≥ 2 and p|M , the irregular cusps ( xp ) are Weierstrass points if p ≥ 5, p = 3 with
M 6= 9, or p = 2 with M 6= 2q, 4q (q odd prime) by [A, Theorem 1].
If p = 2, by Lemma 2.1, ( 12 ) is a Q-rational cusp; hence we can apply [O3, Theorem], and we
conclude that ( 12 ) is not a Weierstrass point when p = 2 with M = 2q, 4q (q odd prime). We
note that g0(8) = g0(16) = 0.
Thus have the following:
Theorem 4.5. Suppose p is a prime, p | M and g0(p
2M) ≥ 2. Then the irregular cusps
equivalent to
(
1
p
)
are Weierstrass points of X0(p
2M) if and only if
p2M 6= 81, 8q, 16q,
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for some odd prime q.
In the cases p = 2 or p = 3, there is more that we can find out even if p ∤M . As stated above,
the 0-cusp is a Weierstrass point if and only if so is
(
1
p
)
for p = 2, 3. If p = 2, we note again that
( 12 ) is a Q-rational cusp; hence we can apply [O3, Theorem] for this case. From [LN, Theorem
5] and [O3, Theorem], we have the following:
Theorem 4.6. Suppose M is odd and g0(4M) ≥ 2. Then the irregular cusps equivalent to ( 12 )
are not Weierstass points when M = p, 3p with an odd prime p 6= 3, and they are Weierstrass
points of X0(4M), except possibly for
M = pq
where p and q are distinct odd primes, neither is 3, and q ≡ −1 (mod 4).
For p = 3, ( 13 ) is not a Q-rational cusp, we cannot apply [O3, Theorem] for this case. Thus
by [LN, Theorem 6], we have the following:
Theorem 4.7. Suppose g0(9M) ≥ 2 and 3 ∤M . Then the irregular cusps equivalent to ( 13 ) are
Weierstrass points of X0(9M), except possibly for
M = p, pq
where p and q are distinct primes, and q ≡ −1 (mod 3).
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